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Abs t r ac t

\Vc ]HCSCIII,  resul ts  of  co]]currcmt  ~naximum  likcli-
lIood rcstloratiol)  illl~)lc:]]lc]ltlatjic)]ls  with s~)atially-varia]lt
poiIlt, slmad fullctiml  (SV-I’SI’), cxl]ibiti~lg pcrformanm
su]mior  to rcst,orat,iml  with iuvariantj I ’ S F .  Wc roalizc
coIIcurrc  IIcy 011 a ]Ictwork  of UI lix workstations, and a
SJT-I’SI’  IIIodcl  fmll s]mrsc I’SIJ  rcfcrc]]m in fo rma t ion
b y  IIlCaIIS  of l)ilincar  illtlc]l)c)latlio]l.  WTc t)llcll u s c  t he
illt(:]])olatlik~(: I ‘SIJ II Iodcl to iln])lc]ocnt scvcra]  diffcrcllt
SV-1 ‘S}+’  rcst,orat,iml  ]Ilcthods.  g’llcsc rcst,oratio]l  ]]lcth-
0[1s arc tcstld ml a standard 11 ubblc  Space ‘lklc!scopc  test
cas[!, alld tllc results arc cmll])arcd ml a mnputational
(!fIort/rcstc)l:ltic)ll I)t!rforlnancc basis.

1 Introduction

Consider  all ol)tical  (illtc]]sity)  field O(x’) incidmlt
o]} all o])tical systc]tl as a fu]lctioll d tll]c source: ]mint, x’.
‘1’llc o])tic.a] syst[!lll ]mduccs  all il]lagc! l(x),  a fundioll
of field lmi]lt x. ‘1’llc i]il]mls(!  rcslmlsc m point-sl)rcad
fullclioll  (l’S1$) of tjllc o]hical  systclll,  l’(x, x’), is in .gcll-
cral a fullctio]l of lmtll  soumc aT)d field location, a~ld
K’latcs  O all(l 1:

l(x) =
./

O(x’)l’(x, x’)dx’

I’(x, x’) is il]tcrlnrtcd as tlllc ])robabi]ity  density that a
I)lloto])  i]lcid(!]lt fro]]l  source locatlio~l x’ int,crsccts the
ddcdor  at, field locatio]l  x. ljq)ically wc Itlcasurc  a dis-
crctc! ilt Ia.gc lg (x~ ), smtl[! average of 1(x) over a clism!t)c
grid x,,. If WC!  wish to cstil natc  the original optical fic!ld
it is llcccssary  to do it over a discrctlc  source sl)acc x’~ ].
‘1’llc! quallti~j{!d  for]ll of tl]c iltla~i~]g equation is:

1(, (X(,) =- ~ 0(, (x’(,)  J\(xq) X’q) (1)
~tq

wllcr~! (){,  slid  1’(,  rc]m:smlt  avcragc(l values ov[!r tllc x’~
grid i]lt,crvals.

ltquatim]  1 aIId aTI assulll])tioll  o f  l)oissoll l)llotoll
statistics is t,l Ic lmsis for t,llc l{,icl]al[lso]] -l,llcy or Maxi-
~I]urlI  l,ikclillood  cst,i]tlato]  for 0,, (x’g)  (Richardson 1972,

I ,JI1,CJ  ]l,a~,~,i],[:  l,CLWJW,l  qua]ltizcd  SOUIC.C a]lcl field spare is
arl)itrar.y.  llmvc  vet, ii is co]lvctli(,tlt 10 coIIsidcr  LIIc two sl)aces
[Iua]lt,izcd  Ijy tllc saIt Ic p,rid tlIc  discmtc  dclcc  to] ‘J’l]is
cotlvmltiotl  wi]l h used ill this l)a]m.

IJucy 1974). l{icllt[](lsO1l-IJllcy  i s  all it(!rativc  Inct,hod
wllcrc two co~il])utatio]ls  silnilar  to Eq. 1 am l)crfor]mcl
ill ca(ll  it,crat,io~l. lhr la~g(! I’SIJ  d i r e c t  calculation  o f
R]. 1 is col~l])lltatioxlally intjclisivc, however considmablc
savil][,,s  is Obt,ai]l(!(l if t,lic 1’S1(’  dots not) vary with SOU1’CC

and firld locatiol] ill(lividually,  but o]lly as tllc diflcrcnm:

I;(X,, X’,,)  =- I;(X, - X’q)

1]1 this case the I’S]J  is said to bc sl)atially-itwariant,
Eq. 1 is a (discrctc)  (c)ll\cjl~]tji[)]l, and can be cficicntly
tom] ]Iltcd ill tllc l“ouri(!r  dol]laill. A spatially-invariant,
l’SIJ ]noclcl atld l“oul i(!r-domain  Cmvolutioll  is the basis
for xl]ost ]mactjical iltll)l(:lll[:]ltjatio]ls o f  tlllc ILichardso]l-
I,ucy algoritll~n. llo~vcvcr, w’llcI1  tllc I’SIJ  IIas  significant,
sl)atii]lly-valiallt  cllal act(!r t)hc assuml)ticm of a spatJially -
invariaut  I’SI+’ ill al] es t imation of  O~(x’g)  call resul t
ill sip, tlificant Crr(n’. I\’c arc! t]lus colnl)cllcd t o  coll-
sidcr ilrll)lc:l[l(:]lt,:]t io]ls of l{icll{ir(lsc)ll-Ijllcy  that relax  the
sl)ati:]lly-ill~’ali:illt assu]]l])tiol]  (Adorf  1994). 111 OIIC  of
our c{ instruct io]ls  wc allow t)llc I’SIJ  to vary from l)ixcl
to I)ixcl,  requir ing t]lat  tlllc co]mlutimls  bc l)crformd
irl th( sl)atjial dolnaill. As l{iclla](lso~l-I,~]cj  is coln]m-
tat)io~] ally intjc]lsivc (well with co]lvolutiom  iIol)lcmcntt!cl
ill tjll( Fourier  {lOllliiill,  a corlvcrltio~)al  sillglc-Imoccssor
spatially  -varia~lt, i]]l])l(:ll]c]ltat,io]l  is i]lfcasiblc; a illl~)lc-
mc]ltji]tion that, utiliws tllc large a]llou~ltj of concurrc~icy
availaldc  in tllc lll(!tlllod is dictjatcd  by l)ractical  consid-
crat,io!ls.

2  l]tll)lclllc~liatioll

2.0.0.1 Spaldh- l~oIiont I’SF Model ‘1’lIc  cflicacy of
ally (l(:cc))ll~c)l(ltiol  Ial K:storatiml  tccl]lliquc  is cvc]ltually
lilnit(d by tl]c fiddity of tllc 1’SF’. II] l)rinciplc  tllc 1’S1+’
for al Iy o})tical  sysl(v Ii is cmltilluousl  y s])atially  vary-
ing a(mss tlllc focal l)la]lc. ‘JIIIC  1 IUbblc Space Tclcscop(!
Wide Field/I’lallct31 v {~alrlcras (WIr/l’C-l  and l$TFTC-
2, XXX and 1 lurrows’  19{)4 rc!sIwctlivcly)  strmlgly  exhibit
this s})atially-~’~tliiitlt  1’S1” trait). 111 ]mactjicc  wc am Oftcll
lilnitcd  in tl]c ]Iull]bcr  a]ld covcragc of t,hc rcfcrc!llcc PSF’s
for a ]mrticular  il]la~,c. Wc tl]crcforc  llavc itll]dcnlcntfcd
all illi cq)olativc  1’S1+’  ]))odcl  that cmnputcs  th[! 1’SF for
all al I)itrary  ilnagc l(]c:itio~l based 011 a)l (l)ossiMy irreg-
ular)  grid of rcfc!rcllcc  1 ‘Sk’s  and a bilinear  interpolation
schc~tic (1’rms d d 1 986). ‘1’llis ]nct]]od assures conti-
nuity  in our Inodcl of tl]c I’SIJ  across  tllc focal ~dallc
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Wit,]i a SIMRC sallll)lillg of rcfcrcllcc  data. 111 tcstillg  with
C()]lll)lltrt]tli c)ll[illy-cst,i ]llatl(:(l I ‘S1”s wc obsmvc this inter-
]mlatio]]  l]lodcl to tllc follow tlhc simulated 1’SF fait,ll-
fully.

~. t). t). ~ ~OTlC711”l’CllC~ ~lt t]lc lt~C11(lT’(~S071 -l,llCy  h’d}lo[i

Collcurrcrlcy ill tllc l{icllal(lso]l-l,l]c:y  lnct,llod is accom-
]disllcd ]uostl  silll])ly by a systc]lmtic  divisiml of t,hc im-
age to hc r(!stor(!d  (rJYusscl  & IIu]]t,  1 978 b). only ]]ixcl
values Ijllat, arc s]mtially  wit,]lin  t,ltc size of the I’SF am
illtel(l(:]j[:]l(lc~]lt. ‘1’l)us  all arhitlrary  divisicnl of t,llc imap;c
into S(!glllcl]ts  witl]l a]q)ro]niatc  overlapping guard bands
a l l o w s  cac]l scglrlclltl  to Iw ]moccsscd  ill(l(:l)[’llcl(:]lt,ly. III
~)ract,icc t,llc IIlillilrlum scg]nc]ltj  sim is o]] the order  of t,llc
I’Sl~ dia~]l(!t(!r  this is drivml  hy tll[! surmu]ldiug  g u a r d
Imlld wllicll is a 1’Sl~ radius i]] sire.

‘1’0 rcalim t,llis co]lcurrcllcy  our liicllarclso~l-l,llcy iln-
~)lmrlc]kat,io]t  u s e s  t,llc! ]ml)ular ])111.)lic-(lo]rlaill  I’arallcl
\~irtual  h4aclli11c (1’VL4)  co]]ll]lll]licati{)lls lmckagc (Gcist
1994). I’VN4 allowed us to iln])lc]nc]lt  a liicl]arclsc)~l-1.llcy
rcstoratiml (!]lgillc,  a]ld t,llc]l s]Mwn a large nu]nhcr  of
tllcsc  cllgiacs  cacll restoring  scl)aratc!  imaF;c scctio]]s  0]1
a llct,crogc] Icous set of ul]ix workstatio]]s.  1 lccausc  1 ‘Vh4
IIas i]lll)l[!]ll[:]ltati[)]~s  ml h41’1’ ]]llllt,ico]t]])llt(:]s,  t,hc sanlc
code is dircct]y  ~mrtahlc to ]Ilacl]illcs SUCII  as the lntcl
I’aragml  a]ld Cray  2’31 ).

,2.0. f). 3 Mclhodolo~Iy WC collsidcr  t,hr(!c ]nct,hods  t o
acco]n]disl]  a  s])tlt,iz~lly-v:llizillt, l’SI~ l]lod(!l. ‘II(! first

is si]nl)ly a sljl:iiglltlfo]~~~til(l i]lll)l(:]rlc]ltltltio~l of a fully
s])at,i:llly-~~;]li?lllt 1’S1{’ ill t,llc l{ic}lalclso]l-l,l]cy  itcrat,iolls
utilizil]g  tll(! illt(:]l)ol:lti~r(:  l’Sl~ ]uo(Ic1 (h4cthod 1 ) .  A s
st,at,(!d above, tl]is rcquirm  JJq. 1 to Im directly evaluated
ill tllc! da t a  do]]]aill.  ‘IIII(! scco]ld ]nctjhod is to ]mrform
l{iclla](lso]l-l,llcy  o]) illdividual  illlagc s(!glncmts  assunl-
ing a cmlstant 1’S1{’ (’I’Iussc!l  &, IIullt, 1 978a, 1 97811),  but,
cvallmtc  (!acll scg]nc]]t  1 ‘SF at t,llc ccntcr  of the scg]nc]]t,
froln tllc illtt:]I)ol:lti\~c:  Itlodcl, with t,hc! co]lvo]ut,ions lM2r-
forl]lcd  ill tllc IJouricr  do]uain  (h4ctlhod  2 a ) .  I+’or rcf-
crcmc.c wc also illcludc  results of where tllc I’SF is not
illt(:rl)(Jl:~t,[ :(l,  but, just, set to tllc ]Icarcst  available rcfcr-
Cllcc V a l u e  (h4cthod 21)). ‘1’hc third mct,llod is a vari-
ant, o f  tllc ‘J’russc!l & IIu]lt  ]nct,llod prol)oscd hy Adorf
wllcrc tllc illlagc is restored twice 011 scgmcntat,ion  grids
that art! ofl’sctf  fmu each other by half a segment sim
(Adorf  1994) (Mctho(l  3). ‘1’1)(!  outImt  of t,l]is Inctllod
is a radial (Iisl)titlc(:-w(: igl}tj(!(l intcr]mlat)io~l Imtwcwn  th(!
two rmtorcd  i]]lagc csti]uatcs. ‘Illis wci.ghting makes t,hc
illt(:]])ol:itio~l” lx!twcc]l tllc two ~rids ]incal.  Agai]], t h e
1’S1’ witllill  [!acll of tl]csc sc~l]lc]lts  is tjakml as s])atially
collstalltj, so co]lvolutio]ls arc cvaluat  cd in tllc Fourier  do-
luaill.  l~illally, as all additimlal  rcfcrcmcc wc also restore
tIm (!]ltirc  i]nagc with a s])atially  cwlstant,  1’SF (Mot, hod
0). III all tllc rcstorat)io]]s wc usc an accclcratcd  i~nlb
]nclltatfioll  of l{,icll:it[lsc)l]-ljllcy as tllc restoration cngin[!
(Kallfrna], 1987, IIoll,lcs  & ],iu 1991, IIc)ok  & I,ucy 1992).

2 . 0 . 0 . 4  7’cst  l)cL(L I’01 t,(!st  ]alrl)osc!s  wc usc a simw
latcd olm!rvatlio]l  of a star cluster hy t,llc (~)rc-rc])air)
1 luhl)lc  Slmcc ‘J’clcsco])c  (11 S’I’) Wide l“i(:l(l/1’lallctaly

Ca]ntva  1 (WF/l’C - 1 ). ‘I’l Ic simulated test case contai~m
470 st am on a 256x256  ],ixcl scct,ion of a wide field CC1),
a~ld illcludcs snot IIoisc  a]ld Gaussiatl  CC;]) mad  n o i s e
charactmistic of \VII’/l’C-l. ‘1’11(! I’SF of tllc! W+’/Pc-l
is s]):lt,ially-viiri alltl and broad i~l Cxt[!nt  due to the! flaw
in t,lt(, 11ST ]wilna]y ~rlirror. ‘lo Inodol this effect th(!
test fast coxncs wit II a five-hy-five grid of 60x60  l)ixcl
rcfcrc]lcc PSI’S.  q ‘hc I’SJJ r(!f(!rcucc  grid u~liformly cov-
ers tl]c simulated il~la~;c. Ik)t,h  t,l]c t,cst case a]ld the I’SF
r(!fcnlncc grid salt 1] ~lm were calculatjcd using the S1)ac(!
‘1’clmop(!  Scicucc IIlstitut,c’s IISq’  l’SF  simulator, Tiny-
q’im (Krist  1994).

3  l{csults

1/ cstorations  of t II(I si)nulatcd  data were made witlk
s])ati:]lly-illva]  ia]]t a]ld s]mtially-variallt  1’S1<’  models with
our 1{ ichardso]]-I ,uc}r cod(! at t<hlcc diflcrent,  it,cratioll
liluits  (n =- 100, 2(K), 1000)” l)y t,llc varic!ty of mctll-
ods dcscribcd  aljow: (cxc(!l)t  for the fully-varying spa-
tial d( mlai~l collvolut)io]l  hfcthod  1 scw hclow). }’01 t h e
spatially  -illva]  ia]lt rcst,orat,im] (Mctllod  O), the PSF  USCCI
was t IIc I’SJ~ (“c)]lcs])(]]](li]lg to t}lc cmltcr of the 256x256
i]]lag(.

11(AI1  sl>atially-~:ili[l]]t  atld sl)at,ially-ilwariallt,  rcstora-
tjion5 wml!  SC(!11  to yield suhjcctivc  iln]movcmclh i~l i~rb
agc (Il]alitfy. II OWCVC1 , smnc residual artifact structure
is cvi(lcnt in tlm s]mt ially-illvariallt,  rcstoratim]s  with r[!-
S])C!d  tO tll[! s}):iti:llly-vi]litl]ltj  rcslorat,iolls  and t,hc: t,~~lt}l
rcfcrcucc.  T]lis is d(!l)ictcd ill F’igur(! 1 ,  which shows
the restoration of atl iso]atcd  brig]lt  star with sl)atially-
iuvariant  a n d  sl):lti:]lly-~~aria]lt  I’SF modc]s. Objcc-
tivcly wc ]ncasum]  t }Ic restoration Imforma]lcc:  using
t~ro s(alar figures of ]tlcrit. l’hc  first is tlllc siglla]-to-nois(!
ratio (SNR) I ]ctw(!cl I t,lw rcst,olat,iml cstilnat,c  i~nagc and
tlhc t] uth rcfmcncc  i]llagc, dcfi~lcd as:

wllcrc the sun IS am corll])utcd over all pixds. ‘1’hc sc!cond
is the average l)lloto]]lct  ric accuracy for a sclcct,ion of N
stars in tllc t(:st, C:ISC, defined as:

wllc!rc the SUIII is co]]l~)utcd  oIlly over star-occupiccl  pix-
[!1s.

N! d,hods  2a and 3 are sensitive to t,hc! scgmc]lt size
CI)OSC]  I for tllc rcstoratio~l.  CollscquclltJly, ill I’able 1 wc
rcpo]  1 the relative (()]ll])lltlatlic)~lal cffortl (in units of the
coml)lcxity  of Method ()), Irlcasurcd ShTI{,,  and lJllc)tonlct-
ric acf:uracy ])crforl[tatlc(!  for segmenting tllc! illlmt  data
ill 32x32 pixel scgtllc]lts (])lus  a]qmopriat,c guard ba]lds).
Wc sc])aratcly  lclmlt average ])hotomctric  ])crformallcc
for all 470 stars ill tllc twit case, tllc 100 brightest stars,
and t IIc 100 dilnl]lcst stars.

It’c ran the mst(watiolls  on a suite of mugllly  3 0
lJnix workstatimls,  a ~nixturc of Spare 2, 10, and 20 and
SGI 1 }xtrcmc  11 ]na(lkillcs. The fully spatially-varying
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rcstoratim]  rcquirill.g S]mtial-dol]]ai]]  cmlvolution  ran 100
itcrallimls  ill roughly 28 hours mom than a cI’u-lIloHtll
oll a si]lglc workstat)io]l. ‘1’11[! corrcspondiug  ])icccwisc-
co]lstal]t  si]]glc grid 1’S1” r(!stloratliolls  al]owi]]g  Fourier
dmnain  cmlvolut,ion  rail ill roughly 7 ]ni~lut,cs.  This fac-
tor of roughly 225 diffcrc]lm!  i]) throughput ~mrformallcc!
]mr itcratliml  call bc att,ribut(!d  to the large diff’crcnce  i~l
co~tl])llt):ltiollal  Coltl])lcxity lmt,w(!c]l s])at,ial  a]ld F o u r i e r
doll]aill co]lvolutjio]]  with] tfllc large 1 ‘S}s of this test, case
(60xG(l),  and ll]c i])li]]c il)tcr],olatio,l  code used to evalu-
ate tlhc I’Sl~ at, arbit,ral.y il]]agc locatiou  frrnn t,l)c s~)arsc!
r(!fcl(mc(!  data.

Itl is clear fmn ‘1’aMc I tlllat t,l]c usage of a sl)at,ially-
varia])tl  Inodcl (Methods 1, 2a, 2b, 3) yields sulmior
r e s u l t s  to a c.o]lst,al]t 1’S1{’ assu]n])tion  (Mct,hod 0). lt
is  also cl[!ar  that frmn tjllc standl)oint  of a co~nldcx-
itfy/])(:]fc)r~tI:~ll(:c!  t,radcofl’  t,l]c irltcrl)olativc  sl)atial  clo-
]nail] co]lvolutioll  ]n(!tllod (hlctl]od  1 ) can bc rcjcctml  ill
favor of ])i[!ccwisc  co]lsta]lt  varia]]ts  (MctJ)ods 2a, 21), 3),
at least, for o])tical syst,c]ns wit]] Wl~/P{;-like variabil-
ity ill tllcir  1’S14’.  ‘1’llc usc of t,llc i]]t,crl)olat,ivc  t,cch]liquc
to  (!sti]nat,c tllc l’Sl~ at, a  f iner  rcsolutio]l  tlllall s])arsc
rt!fcrc!]lcc  data (Mctllod  2a vs. hlct,hod 2L) is also seen
to yield su])crior rcsultls  at ]10 additio]lal  colnputaticmal
ovcrllcad  (011 tll(! scale of tllc convolutions that clominatc
these co]]l]~l]t:ltio]  is)”. I’il]ally, t,llc doubk-grid  rcstora-
tio~l lnctl]od  suggcst[!d  by Adorf  (Nlctllod 3) is seen to
Cllllanc(! I)[:lfolllltitlcc: over a sillgl(! grid restoration at the
Cxlmnsc  of roug]lly twice tl](! co]rll)lltj:ltfio]l:il”  effort.

‘1’l)c rclat,ivc ]mfor]nancc  of tllc sil]glc pyid (Method
2a) aud double grid (h4ctl]od  3) rcstoratio]ls  suggest, the
followi]]g ql](!stio]l: ]Low dots the double grid method
co:ll])arc to tl]c sillglc gr id  ]nct,l]od  at, sin]ilar  ICVCIS  o f
co]]l])lltj;it,ioll;ll  (! flort’? ‘1’aldc 2 giv(!s co]ll] )arativc  data
lx!t,wc(!]l si~lglc grid ]t]ct,llod  (Mcthml  2a) ]u]l at (34x64,
32x32, 22x22, al]d 16x16 ])ixcl (])lus  gua]d  ba]ld) s~!p;-
]ncl]t,atioll, a]ld tll(! douldc  grid (hlcthod  3) ~)crforlnancc
at 32x32 l)ixcl scglncl]t,atio]l from ‘1’able 1. 111 l)articular
tl]o sil@c  grid 22x22 l)ixcl scglnc]ltatio]]  run  corresponds
rougl]ly wit,lt t,]]{! co]n]dcxit,y of double grid 32x32 ])ixcl
s(!gtll[:~lt:itio]l.  As(:zll]  l)(:s(!(!]l i]]rJ`aljl(!  2,tllcsi~lg1cg~i(l
rcxtoratim]  yields ucarly  idcl]tlical (actually slightly bet-
ter)  pcrforl]lallcc  to t)ll(! doubl(! grid r(!storation  at tll(!
sa]]lc! co]lll)llt,at,io]lal”  load, Wc also observe t)llat corltilL-
uiug to ]msll tl]c si]lglc grid tc!cl]lliquc clid ]lot resul t  i~l
sulmrior  ])(!lf{)r]ll:il)c.{!. ‘J’llis is cvidmlcc of a limitation of
the i]]tc]])ol:ltiv(!  1’Si’ ]nodcl with tll[! fiv(!-by-five PSI’
rcfcrmlcc ~rid ill tlllis test case. Additio]lal  1’SF rcfcr-
(:llc(:(l:itj:kwolll(l cll:il]gc tll(:scg~ll[!]l tatjic)]l when tlllis ])lIc:-
llolnc]lo]] l)ccc)]i]c:sa~)])alcllt, a]ld il~l])rot~c  t,llc!rcst)[)ratic)]l
Ic!su]ts.

4 Discussion

Ck!arly ill sitfuatiolls wl)crc  tl](! 1 ‘S}+’ slmtially-variaut,
rcstoratim]s  t,llatf lt]odcl tlllis s])at,ial  behavior will lnx)-
vidc bcttlcr  sul)jcctivc  a]ld ol)jcctiv~!  l)crformaucc. Ill
tl]is w o r k  wc llavc (I(!]llc)]lst,]at[!cl  Tnassiv(!ly  concurrc~it,
l{icll:]lclso]l-ljllcy ilrl]>l(:]llclltzltiolls  w’itll s])atially-varia]lt
1’S1’ that dots cxllibit  su])crior fidelity to a s]mtially -

invatiant rcstoratioll ill a W1+’/I’C-l  test case. SNR in]-
])lovcmcnt,sof  rougl)ly 8 db arc seen with (essentially)
NO i~]crcascin cc)~ll])lltatio]lal  load,  a]ld further effort iul-
I)ro\~(’st,llcrc!s~]lt,s.  hlassivcl yconcurrcnt  comImtatioual
tcclllli(]llc:s  ])rc)\i(i(:t  ll[!tllro~lgll] Jilt necessary togc~lcral-
izc tllc llicllal(lsoI1-I,l  lcy algorithm to a SV-1’SF model
ill ac(f:ssiblcr~]lltjit]]cs  usi]lg])uMic  domain soft,warc and
OI(lillil~y hardware.

S(wcral  of us wm]t,  il]to t,llis (! flort, with tllc cxlmc-
t)atio]] that if cIloup,ll cO1lllJ[]tjat,ic)llal p o w e r  could km
l)rollp,llt, tjoljcalc )]ltllc’]  )roblc:~ll,  afullys])at,ially-vatiallt
1’s}+’ ncccssitatillr,  cmlvolutions  cvaluatlcd ill tllc spa-
tiald(maitb \\'oul(l yicl(lslll)cric)lr  csLlltsa ]l(ljllstifytllc:
additional cflortj.  OIlr rcsu]ts  indicate that this is dcfi-
nit,cly  not tlhc case. II] CICCC1  tl](! ]wrformaucc  of the fully
SV-I’SF is slightly better tllau the performance of the
picccwisc-constallt  ][lct,hod  at the same iteration count.
However, the rcslllts  ill this WF/I’C-l test case would
indicate that  tllc l)S}~ dots not  cllaugc  enough on the
scale of a fcw tc]ls of ~)ixcls to justify the ]nassivc addit-
ional cfIort; ollcisfilll  )( ’ttc:rof ltraclillgal llorc!accuratc
I’SF’  ]nodcl for a less accurat,(!ou[! and morcrcstoration
itcraiions. ~’llis co]lclusioll  is s(!rlsitivc to t,h(! a ccu racy
of tl]( i]ltcrpolati~c! SV-I’S1’l model used ill our testing.
Civcll that w(! scc tl]c resolution limitations of the in-
t)crl)olat,i\~cI’Sl+’l tlc)(l(:l in ourtc!st it is conceivable (but
unlik(]y)  that this  collclusio]l  would cllaugc.

Our rcsult,s su~p,cst that whik!  Aclorf-style C1O UM C

grid ]mtloratiml  ]mfor~ns well, there is no ])crformaucc
adva]ltagc  over sill~,l(:  glid  rcstoratio~m at similar co~n-
])ut,ational lcvc!ls. }Iowcvt!r,  tllc qucstioll  of siuglc g r i d
vs. douldc! grid rcsto]atiml is all illtcrcstin,g  o]lc, lx!causc
doul)lt: grid msultls arc sm]sitivc to the form of tllc wcight-
il]g, ful]ction used t{.) co]tl]mtc tllc fiual result from the
two illtcrmcdiatc results (Adorf  1994). As ]ncnt,imlcd

ba owl, the illt)c]’j)[)latic)]l wciglltlillg functim used ill these
results is cssc]ltially  liucar. q’hislin(!arform  isarcason-
ablc I)ut  not  n(!cmsa]i]y  olhilnal choice,  so it rcmaius
au o~)cn  quc!stioli wl]ctllcr  the doubl(! grid ]ncthod  is of
])otc]ltial value ill S\~-1’S1’r(:storat,ic)ll.

‘J’l]c work dcscril)cd ill tl]is palm was performed at
tllc J(:t l’rol)u]sion l,al)oratory,  California Iustitutc of
‘J’ccll]Iology  u]ldcr a co]lt,ract with the National Acro-
]lauti(s  and SImcc A(l]rlil]istratic)ll.

R,EFEIU2N(YES

A(lorf’  11-M. IW4,  AM. }lSTlmu.(/.  Spect. 11,1).72

llurrows,  C.J.  1994, ll~]l)l)lc: S]):tcc:  l’clcscoI)c  JVi(lc  Ficl(l
a]ld l)lanctary CaII)cIa  2 IIlstrutncnt  }Iaudbook,  VcI-
si(,ll 2.0 (Ilaltilno]c:  STScl)

Gcist,  A. ct. d. 19{J4,1’1~hJ  31Jscr’s C+lli(lc: a]l(l ILcfcrc~~c~:
h4i\]l~]d, O1{NI,

IIol]]l(,s,  q’.J., &; I,i\], 1’-11. 1991, J. Ol)t.Soc.Aln.  A ,  8 ,
]). 893

]]ook, li.N. &t I,ucy, ],.]). ]$lg2i]l ScicTLcc  with thf!}]W/l-
U( Space Tclciscopc,  wls. I’. ]Icnvcnut,i  & E. Scllrcicr

3



.

.

(Garcllillg:  };S()), 245

Kauf]tlall,  I , .  1987, IEEN  71’(L7M.  A4cdicul  lmag.,  MI-G,
37

Krist, ,1. 1993, AI)ASS  11, AS]’ Co]lfcrc]lcc  %ries  52,
]). 536

I,ucy, 1,.11.1974, AJ,  79, ]). 745

]’ll!SS, \~~.1] ., ]1’kIIm(:I’y,  1].1’.,’l’cukolsky>  S. A., & Vcttcr-
lillg, W.T.  1986, NIITttCIid  ]kcipcs:  The Art oj Sci-
cnt,ific C’07npII,ti749  (Catnl)ridgc:  Calnbridg(! lJxliver-
sit,y l’rcss)

l{icllardso]l,  11.11.  1972, J. ()]L Sot. Am. A 8, ]). 893

lkusscl, 11.J. .& IIunt, 11.1/,.,  1978a, Il;l~;E ‘1’rans. A c o u s -
tic. S]x!cch  Sigl]al. l’mc.  26, l). 157

‘lYusscl,  11.,J.  &I IIu]lt,, 11.1{.,  19781), 11’;101;  ‘I}a]ls.  A c o u s -
tic. S]mcclI Signal. l’roc.  26, ]). 608

4

F i g .  1.- Subjcctivc  Coln]misoll  of Sl)atJially-ltl\~ariallt
and S])atially-Variallt  licstoraticm  I’crformance.  I,cft:
resto] ation  of an isolatcml bright, star with
sl)ati[il]y-illva]  iallt, l’Sh’. l{igllt: same star restored with
sl)ati:illy-varialltJ 1 ‘S1’. ‘J’lIc  i]nagm am shown at high
legal  ithlnic  strctclI  to a]nl)lify  low-lcvd  dci,ail. ~’hc
s])ati:!lly-valia]lt  lcsk)lal iml results ill bdtcr
radio lIlctric accuracy and fcwwr rcst,oration  artifacts.
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1{-],  l{cstcmaticm

M(!tho(l
Nrnlc  (Si]o.l;xp.  )

Mctl]o[l O

M{!tllod 1  ‘“

hlctlio(l  2a

M(!tllo(] 21)

Mctllod 3

NumlxT
ltcrat,imw

100
200

1000
100
100
200

1000
1 ()()
200
1000
100
200

1000

lklativc
Cmn]kxity

0.5
,. 1. .

~

112
0.5*
I*
5*

0.5*
I*
S*

0.5*
2.3*
II*

SNIL ~
({11))

0.7916
18.14
18.47
18.55
25.00
24.62
26.26
26.74
24.27
25.86
26.34
24.67
26.34
26.84

All St,a]:i
21.42
76.03
77.95
78.40
78.52
78.48
81.34
82.15
78.30
81.18
81.95——
78.25
81.33
82.17

‘lbp “loo
1>.ii
(JI .87
92.72
92.94
93.86 ‘“
93.85
9[).05
95.41
93.64
91.80
9[).16
93.73 “-
95.11
95.53

1 kitim;  100
2G.13
59.13
60.03
58.67
61.43
61.62
64.78
65.26
61.41
G4.f.X
65.10
61.20 ““
64.60
65.18

Tab]c 1: Co]ll]mratliv(! l{cstoratiml  l’c!rforlna]]cc: WF/I’C-  1 Star C]ustc!r  ‘I’M Case. ‘1 ‘his table giv(!s a ~mfmmancc
suII~IwiIy of the rcstoratiml cases dcscribcd  in this work. The relative ccmll)utatiol  I al complexity valum  arc givcm it]
units of tllc sil]glo 1’S1+’  rcfcrcncx!  ]nctllod  (Nlcthod 0) ru~ltimc for 200 itmratiolls 0]) a 30 ]Ilacllillc  cnmnblc,  roughly
15 xni]lutfcs. ‘1’hc  values with ast,cricks arc al)])roximatc  ill t,llcory the I’Sl~ i]lt(:r])(jl:ltioll calculatio~ls  add to tllc
cc)~lllJlltfat)io]l;]l  load,  l)ut tl]is is dominated by tlllc convolution calculations in tl]c 1 (!storation.

. . ..i -}’______
1{.-1, ]icstoratimi ‘Numbc;- Rc]at ivc

hIc(l]o(l ltcratio])s Cmliplc:xity

M(!thml  2il 200 0.25
64X64  Sr!g. 1000 1.25
M(!thod 2 a  - 200 1
32x32 Scg. 1000 5

Method 2a 20(i ““- 2,3
22X22 S(!g. 1000 11
h4ctIlocl  2a ‘- ‘ - 200 4
16X16 sc& 1000 20
h4[thml 3 200 2.3
32x32 Scg. 1000 11.

((11))
25,51
2G.01

‘26.26
26.74
26.44
27.01
26,33
27,00
26.34
26.84

All Sta]s
80.83
81.83
81.32 ‘-”-

82.15
8 1 . 3 6
82.34
81.27
82.29
81.33
82.17 :.:

9;.88 64.54
9>.28 64.80
95.05 64.78
95.41 65.26
95.12 64.84
95.60 65.71
9i.11 64.57
95.57 65.40.
95.11 64.60
95.53 65.18

‘1’al)lc2:  [;()~[ll)arati\  ~(!l{cstlortlti[  )]lPcrfol]l]at]  c(l: Sil@cGridvs.  Ih)ublc(;rid S\~-I’SI’’ hlctl]()[ls.  IIcrcrclativc
I)(:]forlrl:lll( :(:] illll]l)c:ls arc  givml  sin~lc grid SV-1’SF rcsto]atiolls  (hlc!thod  2a) at a valicty of coln~)utational  sizes, and
co]r]]mmd wit]]  tllc results of tllc double-grid mcthocl (Method 3). Again, co]n]dmity  figures arc.givc]l  ill units of 200
itcratfio]ls  of Mct)llod O. \171! find silllilar  rcstoratio]l  ]mfo]]nallcc  for similar cc)lll]]lltaticJ]lal  lc!vcls witjll botjll the single
a]ld double grid ]l)(!tllod.
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